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Abstract
A brief review of the problem of neutrino masses and oscillations is
given. In the beginning we present an early history of neutrino masses,
mixing and oscillations. Then we discuss all possibilities of neutrino
masses and mixing (neutrino mass terms). The phenomenology of
neutrino oscillations in vacuum is considered in some details. We
present also the neutrino oscillation data and the seesaw mechanism
of the neutrino mass generation.
1 Introduction
Discovery of neutrino oscillations in the atmospheric Super-Kamiokande [1],
solar SNO [2], reactor KamLAND [3], and other neutrino experiments [15,
5, 6] opened a new era in neutrino physics: era of investigations of neutrino
properties (masses, mixing, nature, etc).
First ideas of neutrino masses, mixing and oscillations belong to Bruno
Pontecorvo. He came to an idea of neutrino oscillations in 1957-58 [7, 8] soon
after parity violations in the weak interaction was discovered and the two-
component neutrino theory was proposed by Landau [9], Lee and Yang[10]
and Salam [11].
B. Pontecorvo was impressed by a possibility of K0 ⇄ K¯0 oscillations
suggested by Gell-Mann and Pais [12]. This possibility was based on the
following facts:
1. The strangeness is conserved in the strong interaction, K0 and K¯0 ,
eigenstates of the Hamiltonian of the strong interaction, are particles
with strangeness +1 and -1, respectively.
2. Weak interaction, in which strangeness is not conserved, induce tran-
sitions between K0 and K¯0.
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As a result of 1. and 2. (assuming that CP is conserved) for the states of par-
ticles with definite masses and widths, eigenstates of the total Hamiltonian,
we have
|K01〉 =
1√
2
(|K0〉+ |K¯0〉) |K02〉 =
1√
2
(|K0〉 − |K¯0〉) (1)
If in a strong interaction process K0 (K¯0’s) with definite momentum is pro-
duced, after the time t we have
|K0〉t = 1√
2
(e−iλ1t|K01 〉+ e−iλ2t|K¯02〉) = g+(t)|K0〉+ g−(t)|K¯0〉 (2)
and
|K¯0〉t = 1√
2
(e−iλ1t|K01〉 − e−iλ2t|K¯02 〉) = g−(t)|K0〉+ g+(t)|K¯0〉. (3)
Here
g±(t) =
1
2
(e−iλ1t ± e−iλ2t), (4)
where λ1,2 = m1,2− i12Γ1,2, m1,2 and Γ1,2 are masses and total widths of K01,2.
Formulas (3) and (4) describe periodical transitions (oscillations) K0 ⇄ K¯0.
In the paper [7] B. Pontecorvo raised the following question: ”...are there
exist other (except K0 and K¯0) ”mixed” neutral particles (not necessarily
elementary ones) which are not identical to their corresponding antiparticles
and for which particle ⇆ antiparticle transitions are not strictly forbidden”.
He was interested in leptons and came to a conclusion that such mixed (non
elementary) particles could be muonium (µ+ − e−) and antimuonium (µ− −
e+). At that time it was not known that exist different types of neutrinos
(the fact that exist νe and νµ was discovered in 1962 in the Brookhaven
neutrino experiment [13]). In the case of one neutrino in the second order of
the perturbation theory over GF transitions
(µ+ − e−)→ ν + ν¯ → (µ− − e+). (5)
are allowed. The paper [7] was dedicated to the consideration of muonium
⇄ antimuonium transitions. In the same paper B. Pontecorvo mentioned
a possibility of neutrino oscillations: “If the theory of the two-component
neutrino is not valid (which is hardly probable at present) and if the conser-
vation law for the neutrino charge took no place, neutrino → antineutrino
transitions in vacuum would be in principle possible.”
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The two-component neutrino theory, was successfully confirmed in 1958
by the experiment [14] on the measurement of neutrino helicity. According
to this theory for one type of neutrino exist only left-handed neutrino νL and
right-handed antineutrino ν¯R. Transitions between these states are forbidden
by the conservation of the total angular momentum. Nevertheless in 1958 B.
Pontecorvo published the first paper on neutrino oscillations [8]. The reason
for that paper was some rumor which reached B. Pontecorvo at that time.
In 1957-58 R. Davis performed a reactor experiment[15] on the search for
production of 37Ar in the process
”reactor antineutrino” +37 Cl→ e− +37 Ar (6)
in which the lepton number is violated. The rumor reached B.Pontecorvo
that Davis had observed such events. Pontecorvo, who was thinking about
a possibility of neutrino oscillations, suggested that these ”events” could
be due to transitions ν¯R → νR. This suggestion contradicted to the two-
component neutrino theory. In fact, according to this theory only the field
νL(x) enters in the weak interaction Lagrangian. Thus, from the point of
view of the two-component theory νR and ν¯L were noninteracting ”sterile”
particles. However, in order to explain Davis ”events” Pontecorvo had to
assume that ”a definite fraction of particles can induce the reaction (6)”. He
assumed (in analogy with (1)) that states ν¯R and νR states are mixed:
|ν¯R〉 = 1√
2
(|ν1〉+ |ν2〉) |νR〉 = 1√
2
(|ν1〉 − |ν2〉), (7)
where |ν1〉 and |ν2〉 are states of neutrinos with masses m1 and m2. B. Pon-
tecorvo wrote in the paper [8]: :“...neutrino may be a particle mixture and
consequently there is a possibility of real transitions neutrino→ antineutrino
in vacuum, provided that the lepton (neutrino) charge is not conserved. This
means that the neutrino and antineutrino are mixed particles, i.e., a symmet-
ric and antisymmetric combination of two truly neutral Majorana particles
ν1 and ν2...this possibility became of some interest in connection with new
investigations of inverse β-processes.”
As it is well known, (anti)neutrino was discovered in the fifties in the
Reines and Cowan experiments [16] in which the reaction
ν¯ + p→ e+ + n. (8)
with reactor antineutrinos was observed.
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In the paper [8] B. Pontecorvo considered disappearance of reactor an-
tineutrinos due to neutrino oscillations. He wrote: “...the cross section of the
process ν¯ + p→ e+ + n with ν¯ from reactor must be smaller than expected.
This is due to the fact that the neutral lepton beam which at the source is
capable of inducing the reaction changes its composition on the way from
the reactor to the detector.”
Starting from the first paper on the neutrino oscillations B. Pontecorvo
believed that neutrinos have small masses and oscillate. He wrote in [8]:
“Effects of transformation of neutrino into antineutrino and vice versa may
be unobservable in the laboratory because of the large values of R (oscillation
length) but will certainly occur, at least, on an astronomical scale.”
At a later stage of the Davis experiment the anomalous ”events” (6)
disappeared and only an upper bound of the cross section of the reaction
(6) was obtained in [15]. Continuing to think about neutrino oscillations, B.
Pontecorvo understood that νR and ν¯L are noninteracting, sterile particles
and that he considered in [8] oscillations between active antineutrino ν¯R and
sterile neutrino νR.
1 The terminology ”sterile neutrino”, which is standard
nowadays, was introduced by B. Pontecorvo in the next paper on neutrino
oscillations [18] which was published in 1967.
At that time the phenomenological V-A theory [19, 20] was well estab-
lished, K0 ⇄ K¯0 oscillations had been observed and it was proved that
(at least) two types of neutrinos νe and νµ existed in nature. Pontecorvo
wrote: “If the lepton charge is not an exactly conserved quantum number,
and the neutrino mass is different from zero, oscillations similar to those in
K0 beams become possible in neutrino beams”. He discussed all possible
transitions between two types of neutrinos, νe ⇄ ν¯eL, νµ ⇄ ν¯µL etc. which
transform “active particles into particles, which from the point of view of or-
dinary weak processes, are sterile” and transitions between active neutrinos
νµ ⇄ νe. He pointed out that in this last case not only the disappearance of
νµ but also the appearance of νe can be observed.
In the 1967 paper [18] B.Pontecorvo discussed the effect of neutrino oscil-
lations for the solar neutrinos. “From an observational point of view the ideal
object is the sun. If the oscillation length is smaller than the radius of the
sun region effectively producing neutrinos, direct oscillations will be smeared
out and unobservable. The only effect on the earth’s surface would be that
1 Such oscillations are very modern nowadays. They are considering as a possible
explanation of the the ”reactor neutrino anomaly” [17]
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the flux of observable sun neutrinos must be two times smaller than the total
(active and sterile) neutrino flux.” Thus, Bruno Pontecorvo anticipated the
solar neutrino problem. When three years later in 1970 the first results of
the Davis experiment on the detection of the solar neutrinos were obtained
[15] it occurred that the detected flux of solar neutrinos was about 2-3 times
smaller than the flux predicted by the Standard solar model. It was soon
commonly accepted that among different possible astrophysical (and parti-
cle physics) explanations of the problem neutrino oscillations was the most
natural one (see [21]).
Next paper on the neutrino oscillation was published in 1969 by V. Gribov
and B.Pontecorvo [22]. They considered a scheme of neutrino mixing and
oscillations with four neutrino and antineutrino states: two left-handed states
of neutrinos νe and νµ and two right-handed states of antineutrinos ν¯e and
ν¯µ. The main assumption of Gribov and Pontecorvo was that there are no
sterile neutrino states.
It was assumed in [22] that in addition to the standard charged current
V − A interaction with the lepton current
jα = 2(ν¯eLγαeL + ν¯µLγαµL) (9)
in the total Lagrangian enters an effective Lagrangian of an interaction be-
tween neutrinos which violates electron Le and muon Lµ lepton numbers (in
modern terminology neutrino mass term). After the diagonalization of the
most general effective Lagrangian of such type the following mixing relations
were found
νeL(x) = cos θχ1L(x) + sin θχ2L(x); νµL(x) = − sin θχ1L(x) + cos θχ2L(x).
(10)
Here χ1,2(x) are fields of the Majorana neutrinos with masses m1,2 and θ is
the mixing angle. All these parameters are determined by the parameters
which characterize the effective Lagrangian.
The authors obtained the following expression for the νe → νe survival
probability in vacuum (in modern notations)
P (νe → νe) = 1− 1
2
sin2 2θ (1− cos ∆m
2L
2E
) (11)
(∆m2 = |m22 −m21|) and applied the developed formalism to solar neutrinos.
They considered the possibility of the maximal mixing θ = pi
4
as the most
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simple and attractive one. In this case the averaged observed flux of solar
neutrinos is equal to 1/2 of the predicted flux.
Bruno Pontecorvo and my work on neutrino masses, mixing and oscilla-
tions started in 1975. The first paper [23] was based on the idea of quark-
lepton analogy. It had been established at that time that the charged current
of quarks has the form (the case of four quarks)
jCCα (x) = 2[u¯L(x)γαd
c
L(x) + c¯L(x)γαs
c
L(x)], (12)
where
dcL(x) = cos θCdL(x) + sin θCsL(x), s
c
L(x) = − sin θCdL(x) + cos θCsL(x)
(13)
are Cabibbo-GIM mixtures of d and s quarks and θC is the Cabibbo angle.
The lepton charged current (9) has the same form as the quark charged
current (same coefficients, left-handed components of the fields). In order
to make the analogy between quarks and leptons complete it was natural to
assume that current neutrino fields νeL(x) and νµL(x) are also mixed:
νeL(x) = cos θν1L(x) + sin θν2L(x), νµL(x) = − sin θν1L(x) + cos θν2L(x).
(14)
Here θ is the leptonic mixing angle and ν1(x) and ν2(x) (like quark fields)
are Dirac fields of neutrinos with masses m1 and m2 . This means that
the total lepton number L = Le + Lµ is conserved and the neutrinos with
definite masses ν1,2 differ from the corresponding antineutrinos ν¯1,2 by the
lepton number (L(ν1,2) = −L(ν¯1,2) = 1).
We wrote in [23]: “...in our scheme ν1 and ν2 are just as leptons and quarks
(which, may be, is an attractive feature) while in the Gribov-Pontecorvo
scheme [22] the two neutrinos have a special position among the other fun-
damental particles”.
In 1975 after the success of the two-component theory there was still a
general belief than neutrinos are massless particles. It is obvious that in this
case the mixing (14) has no physical meaning.
Our main arguments for neutrino masses were at that time the following
1. There is no principle (like gauge invariance in the case of the γ-quanta)
which requires that neutrino masses must be equal to zero.
2. In the framework of the two-component neutrino theory the zero masses
of the neutrinos was considered as an argument in favor of the left-
6
handed neutrino fields. It occurred, however, that in the weak Hamil-
tonian enter left-handed components of all fields (the V − A theory).
It was more natural after the V −A theory was established to consider
neutrinos not as a special massless particles but as particles with some
small masses.
We discussed in [23] a possible value of the mixing angle θ. We argued that
• there is no reason for the lepton and Cabibbo mixing angles to be the
same.
• “it seems to us that the special values of the mixing angles θ = 0 and
θ = pi
4
(maximum mixing) are of the greatest interest.”
The probabilities of transitions νl → νl′ (l, l′ = e, µ) are the same in the
scheme of the mixing of two Majorana neutrinos [22] and in the scheme of
the mixing of two Dirac neutrinos [23].
In the next paper [29] we considered the most general neutrino mixing
which included not only active νeL(x) and νµL(x) fields but also sterile νeR(x)
and νµR(x) neutrino fields (Dirac and Majorana mass term). We applied
the developed formalism to solar neutrinos and showed that in this case the
maximal suppression of the solar neutrino flux can be 1
4
(for the two neutrino
types).
Ideas of of neutrino masses, mixing and oscillations we discussed before
were based on analogy between the weak interaction of lepton and hadrons
(later quarks) and on the attractiveness of a minimal scheme of neutrino
mixing (no sterile fields, Majorana mass term). In 1962 Maki, Nakagawa and
Sakata [28] introduced the neutrino mixing in the framework of the Nagoya
model in which the proton, neutron and Λ were considered as bound states of
neutrino, electron and muon and a vector boson B+, “a new sort of matter”.
The authors wrote: “We assume that there exists a representation which
defines the true neutrinos ν1 and ν2 through orthogonal transformation
ν1 = cos δνe − sin δνµ
ν2 = sin δνe + cos δνµ, (15)
where δ is a real constant”.
The authors wrote: ”Weak neutrinos must be redefined by a relation
νe = cos δν1 + sin δν2
νµ = − sin δν1 + cos δν2. (16)
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An further in the paper ”...weak neutrinos are not stable due to the occur-
rence of virtual transition νe ⇄ νµ...” In connection with the Brookhaven
neutrino experiment [13], which was going on at that time, the authors
stressed that : “... a chain of reactions such as
π+ → µ+ + νµ
νµ + Z → (µ− and/or) e− (17)
is useful to check the two-neutrino hypothesis only when
|mν2 −mν1 | ≤ 10−6MeV (18)
under the conventional geometry of the experiments. Conversely, the absence
of e− will be able not only to verify the two-neutrino hypothesis but also to
provide an upper limit of the mass of the second neutrino ν2 if the present
scheme should be accepted.”
In conclusion we mention also Fritzsch and Minkowski [26] and Eliezer
and Swift [27] earlier papers on the vacuum neutrino oscillations and very
important Wolfenstein [30] and Mikheev and Smirnov [31] papers in which
importance of matter effect for solar and other neutrinos was discovered.
2 Neutrino mass terms
In reviews [32, 33] all possible schemes of neutrino mixing were considered.
The scheme of neutrino mixing is determined by a neutrino mass term. There
are three possible neutrino mass terms.
Dirac mass term
Let us assume that in the total Lagrangian a Dirac mass term enters. The
Dirac mass term is a Lorenz-invariant product of left-handed and right-
handed fields. We have
LD(x) = −ν¯ ′L(x)MD ν ′R(x) + h.c.. (19)
Here
ν ′L =

 νeLνµL
ντL

 , ν ′R =

 νeRνµR
ντR

 , (20)
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and MD is a complex 3× 3 matrix.
An arbitrary nonsingular matrix M can be diagonalized by a biunitary
transformation
M = U † m V. (21)
Here U and V are unitary matrices and m is a diagonal matrix with positive
diagonal elements (mik = miδik, mi > 0).
From (19) and (21) for the neutrino mass term we find
LD(x) = −ν¯L(x)mνR(x) + h.c. = −ν¯(x)m ν(x) = −
∑
i
mi ν¯i(x) νi(x). (22)
Here
νL = U
†ν ′L =

 ν1Lν2L
ν3L

 , νR = V †ν ′R =

 ν1Rν2R
ν3R

 , ν = νL + νR =

 ν1ν2
ν3

(23)
After the diagonalization of the matrix MD we come to the standard expres-
sion for the Dirac neutrino mass term. From (22) and (23) it follows that
νi(x) is the field of neutrinos with mass mi and flavor neutrino fields νlL(x)
(l = e, µ, τ) are ”mixtures” of the left-handed components of the fields of
neutrinos with definite masses:
νlL(x) =
3∑
i=1
UliνiL(x). (24)
The fields νi(x) are complex (nonhermitian) fields which satisfy the Dirac
equation. There are no additional constraints on them. Thus, the neutrino
mass term, the lepton charged current
jα = 2
∑
l=e,µ,τ
ν¯lLγαlL (25)
and other terms of total Lagrangian are invariant under the following phase
transformation
νi(x)→ eiΛνi(x), l(x)→ eiΛl(x), (26)
where Λ is an arbitrary constant.
From invariance under the gauge transformation (26) follows that the to-
tal lepton number L, the same for all charged leptons e, µ, τ and all neutrinos
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ν1, ν2, ν3 is conserved and that neutrinos νi and antineutrinos ν¯i (i = 1, 2, 3)
are different particles: they differ by the values of the conserved lepton num-
ber. We can choose
L(νi) = −L(ν¯i) = 1, L(l−) = −L(l+) = 1. (27)
Thus, in the case of the mass term (19), neutrinos with definite masses are
Dirac particles.
Summarizing, we stress the following
1. In order to build the Dirac mass term we need the flavor left-handed
fields νlL and the (sterile) right-handed fields νlR.
2. The fields νlL and νlR are connected, correspondingly, with νiL and νiR
by (different) unitary transformations.
3. Transitions in vacuum of active to sterile neutrinos (νlL → ν¯l′L) are
forbidden by the conservation of the total lepton number L.
Majorana mass term
The fields νL,R are determined by the conditions
γ5νL,R = ∓νL,R. (28)
Let us consider
(νL,R)
c = Cν¯TL,R, (29)
where C is the matrix of the charge conjugation which satisfies the relations
CγTαC
−1 = −γα, CT = −C (30)
We have
γ5(νL,R)
c = C(ν¯L,Rγ5)
T = −C(γ5νL,R)T = ±(νL,R)c. (31)
Thus, (νL,R)
c is right-handed (left-handed) field.
The neutrino mass term (a product of left-handed and right-handed fields)
can have the following form
LM(x) = −1
2
ν¯ ′L(x)M
M (ν ′L(x))
c + h.c., (32)
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where MM is a complex nondiagonal matrix. It is easy to see that MM is a
symmetrical matrix.2
A complex symmetrical matrix can be diagonalized with the help of one
unitary matrix. We have
MM = U m UT , (33)
where U †U = 1 and mik = miδik, mi > 0.
From (32) and (33) for the neutrino mass term we obtain the following
expression
LM = −1
2
(U †ν ′L) m (U
†ν ′L)
c + h.c. = −1
2
ν¯m m νm. (34)
Here
νm = U †ν ′L + (U
†ν ′L)
c =

 ν1ν2
ν3.

 . (35)
From (34) and (35) it follows that
LM = −1
2
3∑
i=1
mi ν¯i νi. (36)
and the field νi(x) satisfies the Majorana condition
νi(x) = ν
c
i (x) = Cν¯
T
i (x) (37)
Thus, νi(x) is the field of the Majorana neutrino with the mass mi.
From (35) we conclude that flavor fields νlL(x) are mixtures of left-handed
components of Majorana fields with definite masses
νlL(x) =
3∑
i=1
UliνiL(x). (38)
If neutrino field satisfies the Majorana condition (37) in this case there is no
notion of neutrino and antineutrino: neutrino and antineutrino are identical
2Taking into account the Fermi-Dirac statistics of the fermion fields ν′
L
we have
ν¯′
L
MM(ν′
L
)c = −ν¯′
L
CT (MM)T (ν¯′
L
)T = ν¯′
L
(MM)TC(ν¯′
L
)T , i.e. MM = (MM)T .
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(νi ≡ ν¯i). It is obvious that we came to the fields of Majorana neutrinos with
definite masses because in the case of the neutrino mass term (32) there is
no invariance under the global gauge transformations
νlL(x)→ eiΛνlL(x), l(x)→ eiΛl(x). (39)
and, consequently, no conserved lepton number which could distinguish neu-
trino and antineutrino.
The mass term (32) provides the minimal scheme of neutrino mixing: only
flavor neutrino fields νlL(x) enter into the Lagrangian.
3 We will see later that
the Majorana mass term is generated by the standard seesaw mechanism [34]
of the generation of small neutrino masses.
Dirac and Majorana mass term
If we assume that in the mass term enter flavor left-handed fields νlL(x),
right-handed sterile fields νlR(x) and the lepton number L is not conserved
we come to the most general Dirac and Majorana mass neutrino mass term
[29]
LD+M = −1
2
ν¯ ′LM
M
L (ν
′
L)
c − ν¯ ′LMD ν ′R −
1
2
(ν ′R)cM
M
R ν
′
R + h.c., (40)
whereMML ,M
M
R are complex, non-diagonal, symmetrical 3 × 3 matrices, MD
is a complex non-diagonal 3 × 3 matrix and columns ν ′L and ν ′R are given
by (20). The first term of (40) is the left-handed Majorana mass term, the
second term is the Dirac mass term and the third term is the right-handed
Majorana mass term. If the mass term (40) enters into the total Lagrangian
in this case the total lepton number L is not conserved.
It is obvious that
ν¯ ′LM
D ν ′R = (ν
′
R)
T C−1(MD)T C(ν¯ ′L)
T = (ν ′R)c(M
D)Tν ′L)
c. (41)
Taking into account this relation, we can present the Dirac and Majorana
mass term (40) in the form
LD+M = −1
2
n¯LM
M+D(nL)
c + h.c.. (42)
3There are no right-handed sterile neutrino fields in the Lagrangian: point of view
advocated by Gribov and Pontecorvo[22].
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Here
nL =
(
ν ′L
(ν ′R)
c
)
. (43)
and
MM+D =
(
MML M
D
(MD)T MMR
)
. (44)
is a symmetrical 6× 6 matrix. We have
MM+D = U m UT , (45)
where U is a unitary 6× 6 matrix and mik = miδik. From (45) for the Dirac
and Majorana mass term we obtain the following expression
LD+M(x) = −1
2
ν¯m(x) m νm(x) = −1
2
6∑
i=1
mi ν¯i(x) νi(x), (46)
where
νm(x) = U †nL(x) + (U †nL(x))c =


ν1(x)
ν2(x)
.
.
.
ν6(x).


. (47)
It is obvious that the field νi(x) satisfies the condition
νi(x) = ν
c
i (x) = Cν¯
T
i (x). (48)
and is the field of the Majorana neutrino with mass mi.
From (48) it follows that in the case of the Dirac and Majorana mass
term we have the following generalized neutrino mixing relations
νlL(x) =
6∑
i=1
Uli νiL(x), (νlR(x))
c =
6∑
i=1
Ul¯i νiL(x) (l = e, µ, τ) (49)
Thus, flavor fields νlL(x) are combinations of left-handed components of six
Majorana fields. These six components are connected by the unitary trans-
formations with sterile fields (νlR(x))
c.
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Let us notice that the seesaw mechanism of neutrino mass generation
[34] is based on the Dirac and Majorana mass term. In the seesaw case in
the mass spectrum of the Majorana particles there are three light neutrino
masses mi and three heavy masses Mi ≫ mi ( i = 1, 2, 3).
If all Majorana masses are small, in this case transitions of flavor neutrinos
νe, νµ, ντ into sterile states become possible. Let us notice that at present
exist experimental indications in favor of such transitions. These indications
will be checked in future experiments (see [35]).
3 Phenomenology of neutrino oscillations in
vacuum
In the case of the neutrino mixing for the flavor neutrino field νlL(x) which
enters into the standard leptonic charged current
jα(x) = 2
∑
l=e,µ,τ
νlL(x)γαlL(x) (50)
we have
νlL(x) =
∑
i
Uli νiL(x), (51)
where νi(x) is the field of neutrino (Dirac or Majorana) with mass mi. If
neutrino mass-squared differences are small the state of the flavor neutrino
νl produced in CC weak decays and reactions together with l
+ is given by
the following coherent superpositions of the states of neutrinos with definite
masses
|νl〉 =
3∑
i=1
U∗li |νi〉. (52)
Here |νi〉 is the state of neutrino with momentum ~p and energy Ei =
√
p2 +m2i ,
eigenstate of the free Hamiltonian
H0 |νi〉 = Ei |νi〉. (53)
In connection with the relation (52), which is a basic relation of the theory
of the neutrino oscillations, we will make the following remarks
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1. It is impossible to reveal different neutrino masses in the production
(and detection) process if the following condition is satisfied (see [36])
Lik ≫ d.
Here Lik = 4π
E
|∆m2ik |
(i 6= k) is the oscillation length (∆m2ik = m2k −
m2i , E is the neutrino energy) and d is a quantum mechanical size
of the neutrino source. This condition follows from the Heisenberg
uncertainty relation and is satisfied in all current neutrino oscillation
experiments (for the atmospheric neutrinos L23 ≃ 103 km, for the long
baseline reactor neutrinos L12 ≃ 102 km)
2. Flavor neutrino states are orthogonal and normalized
〈νl′ |νl〉 = δl′l
and do not depend on process in which neutrino is produced
3. Flavor antineutrino states are given by the expression
|ν¯l〉 =
3∑
i=1
Uli |ν¯i〉. (54)
4. In the case of the active and sterile neutrinos we have
|νl〉 =
3+ns∑
i=1
U∗li |νi〉 (l = e, µ, τ) |νs〉 =
3+ns∑
i=1
U∗si |νi〉 s = s1, ...sns (55)
Evolution of states in QFT is given by the Schrodinger equation
i
∂
∂t
|Ψ(t)〉 = H |Ψ(t)〉. (56)
If at the time t = 0 flavor neutrino νl is produced, at the time t for the
neutrino state we have
|νl〉t = e−iH0t
3∑
i=1
U∗li |νi〉 =
∑
i
|νi〉e−iEit U∗li (57)
Thus, in the case of the neutrino mixing neutrino is described by a nonsta-
tionary state (by a superposition of states with different energies).
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Neutrinos are detected via observation of weak processes νl+N → l−+X
etc. We have
|νl〉t =
∑
l′
|νl′〉(
3∑
i=1
Ul′i e
−iEit U∗li). (58)
From this relation for the probability of the νl → νl′ transition during the
time t we find the following expression
P (νl → νl′) = |
3∑
i=1
Ul′i e
−iEi t U∗li|2. (59)
Analogously for the probability of the ν¯l → ν¯l′ transition we have
P (ν¯l → ν¯l′) = |
3∑
i=1
U∗l′i e
−iEi t Uli|2. (60)
In the general case which include not only active flavor neutrinos but also
sterile neutrinos we have
P (να → να′) = |
3+ns∑
i=1
Uα′i e
−iEit U∗αi|2. (61)
and
P (ν¯α → ν¯α′) = |
3+ns∑
i=1
U∗α′i e
−iEit Uαi|2, (62)
where indexes α, α′ run over e, µ, τ, s1, ...sns. From (61) and (62) we obtain
the following standard expression for the neutrino transition probability
P (
(−)
να → (−)να′) = δα′α − 2
∑
i>k
Re Uα′iU
∗
αiU
∗
α′kUαk (1− cos
∆m2kiL
2E
)
± 2
∑
i>k
Im Uα′iU
∗
αiU
∗
α′kUαk sin
∆m2kiL
2E
(63)
In (63) we took into account that for the ultrarelativistic neutrinos L ≃ t
(L is the distance between neutrino production and detection points) and
Ei − Ek ≃ ∆m
2
kiL
2E
.
Let us notice that in order to obtain from (63) tree and more neutrino
transition probabilities additional relations, based on the unitarity of the
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mixing matrix, must be used. We will present here more simple and direct
way of the derivation of the neutrino (antineutrino) transition probabilities in
which the unitarity of the mixing matrix will be fully utilized and dependence
on character of the neutrino mass spectrum will be clearly visible [37].
It is obvious that the expression (61) can be written in the form
P (να → να′) = |
∑
i
Uα′i e
−i(Ei−Ep)t U∗αi|2, (64)
where p is an arbitrary fixed index. Further, taking into account the unitarity
of the matrix U , we can rewrite the transition probability in the form
P (να → να′) = |δα′α +
∑
i 6=p
Uα′i ( e
−i(Ei−Ep)t − 1) U∗αi|2
= |δα′α − 2i
∑
i 6=p
Uα′i U
∗
αie
−i∆pi sin∆pi|2 (65)
where
∆pi = (Ei − Ep)t ≃
∆m2piL
4E
(66)
From (65) we can easily obtain the following general expression for να → να′
(ν¯α → ν¯α′) transition probability
P (
(−)
να → (−)να′) = δα′α − 4
∑
i
|Uαi|2(δα′α − |Uα′i|2) sin2∆pi
+8
∑
i>k
Re Uα′iU
∗
αiU
∗
α′kUαk cos(∆pi −∆pk) sin∆pi sin∆pk
±8
∑
i>k
Im Uα′iU
∗
αiU
∗
α′kUαk sin(∆pi −∆pk) sin∆pi sin∆pk (i, k 6= p) (67)
Two-neutrino mixing
Let us consider the simplest case of the two-neutrino mixing
να =
∑
i=1,2
UαiνiL, (68)
where the matrix U has the form
U =
(
cos θ12 sin θ12
− sin θ12 cos θ12
)
, (69)
17
θ12 being the mixing angle. We will label neutrino masses in such a way that
m1 < m2 and choose p = 1. In this case i = k = 2 and we have
P (να → να′) = P (ν¯α → ν¯α′) = δα′α − 4|Uα2|2(δα′α − |Uα′2|2) sin2∆12. (70)
For α′ 6= α we find the following standard expression for the transition prob-
ability
P (να → να′) = P (ν¯α → ν¯α′) = 4|Uα2|2|Uα′2|2 sin2∆12
=
1
2
sin2 2θ12(1− cos ∆m
2
12L
2E
). (71)
For the probability of να (ν¯α) to survive from (70) we find
P (να → να) = P (ν¯α → ν¯α) = 1− 4|Uα2|2(1− |Uα2|2) sin2∆12
= 1− 1
2
sin2 2θ12(1− cos ∆m
2
12L
2E
). (72)
From (70) and the unitarity relation
|Uα2|2 = 1− |Uα′2|2 (α 6= α′). (73)
it follows that
P (
(−)
να → (−)να) = P ((−)να′ → (−)να′) (α 6= α′). (74)
It is obvious that this relation is valid only for the two-neutrino mixing.
Three-neutrino mixing. General case
In the case of the three-neutrino mixing there are two independent mass-
squared differences. From analysis of the data of neutrino oscillation exper-
iments it follows that one mass-squared difference is much smaller than the
other one. Correspondingly, two three-neutrino mass spectra are possible
1. Normal spectrum (NS)
m1 < m2 < m3, ∆m
2
12 ≪ ∆m223. (75)
2. Inverted spectrum (IS)4
m3 < m1 < m2, ∆m
2
12 ≪ |∆m213|. (76)
4Notice that neutrino masses are labeled differently in the case of NS and IS. This
allows to use the same notations for mixing angles in both cases.
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Let us denote two independent (positive) neutrino mass-squared differences
∆m2S (solar) and ∆m
2
A (atmospheric). We have
∆m212 = ∆m
2
S , ∆m
2
23 = ∆m
2
A (NS) ∆m
2
12 = ∆m
2
S, ∆m
2
13 = −∆m2A (IS).
(77)
In the case of the NS it is natural to choose p = 2. From the general
expression (67) we have
PNS(
(−)
νl → (−)νl′) = δl′l − 4
∑
i
|Ul1|2(δl′l − |Ul′1|2) sin2∆S
−4
∑
i
|Ul3|2(δl′l − |Ul′3|2) sin2∆A − 8 Re Ul′3U∗l3U∗l′1Ul1 cos(∆A +∆S) sin∆A sin∆S
∓8 Im Ul′3U∗l3U∗l′1Ul1 sin(∆A +∆S) sin∆A sin∆S (78)
In the case of the IS we choose p = 1. For the transition probability we
obtain the following expression
P IS(
(−)
νl → (−)νl′) = δl′l − 4
∑
i
|Ul2|2(δl′l − |Ul′2|2) sin2∆S
−4
∑
i
|Ul3|2(δl′l − |Ul′3|2) sin2∆A − 8 Re Ul′3U∗l3U∗l′2Ul2 cos(∆A +∆S) sin∆A sin∆S
±8
∑
i>k
Im Ul′3U
∗
l3U
∗
l′2Ul2 sin(∆A +∆S) sin∆A sin∆S (79)
Notice that (79) we can obtain from (78) if we change Ul1 → Ul2 the sign of
the last term.
From (78) and (79) for CP asymmetry ACPl′l = P (νl → νl′)− P (ν¯l → ν¯l′)
we find
ACPl′l = −16 Im Ul′3U∗l3U∗l′1Ul1 sin(∆A +∆S) sin∆A sin∆S (80)
in the case of NS and
ACPl′l = 16 Im Ul′3U
∗
l3U
∗
l′2Ul2 sin(∆A +∆S) sin∆A sin∆S (81)
in the case of IS.
In the standard parameterization the 3×3 PMNS [7, 8, 28] mixing matrix
U is characterized by three mixing angles θ12, θ23, θ13 and one CP phase δ
and has the form
U =

 c13c12 c13s12 s13e
−iδ
−c23s12 − s23c12s13eiδ c23c12 − s23s12s13eiδ c13s23
s23s12 − c23c12s13eiδ −s23c12 − c23s12s13eiδ c13c23

 . (82)
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Here c12 = cos θ12, s12 = sin θ12 etc.
Three-neutrino mixing. Leading approximation
From analysis of the neutrino oscillation data it follows that the ratio
∆m2S
∆m2A
and the value of the parameter sin2 θ13 are small:
∆m2S
∆m2A
≃ 3 · 10−2, sin2 θ13 ≃ 2.4 · 10−2. (83)
In atmospheric region of the parameter L
E
(
∆m2AL
2E
& 1) in the first, leading
approximation we can neglect small contributions of ∆m2S and sin
2 θ13 into
neutrino transition probabilities.
From (78), (79) for the probability of νµ (ν¯µ) to survive we obtain the
following expression (for both neutrino mass spectra)
P (
(−)
νl → (−)νl′) ≃ 1− 4|Uµ3|2(1− |Uµ3|2) sin2∆m2A
L
4E
= 1− 1
2
sin2 2θ23(1− cos∆m2A
L
2E
). (84)
In the leading approximation we have P (νµ → νe) ≃ 0 and
P (νµ → ντ ) ≃ 1− P (νµ → νµ) ≃ sin2 2θ23(1− cos∆m2A
L
2E
). (85)
Thus, in the atmospheric region predominantly two-neutrino νµ ⇄ ντ oscil-
lations take place.
Let us consider now ν¯e → ν¯e transition in the reactor KamLAND region
(
∆m2SL
2E
& 1) . Neglecting contribution of sin2 θ13 we have (for both neutrino
mass spectra)
P (ν¯e → ν¯e) ≃ 1− sin2 2θ12 sin2∆m2S
L
4E
. (86)
For appearance probabilities we find
P (ν¯e → ν¯µ) ≃ sin2 2θ12 cos2 θ23 sin2∆m2S
L
4E
(87)
and
P (ν¯e → ν¯τ ) ≃ sin2 2θ12 sin2 θ23 sin2∆m2S
L
4E
(88)
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We have
P (ν¯e → ν¯τ )
P (ν¯e → ν¯µ) ≃ tan
2 θ23 ≃ 1 (89)
and
P (ν¯e → ν¯e) = 1− P (ν¯e → ν¯µ)− P (ν¯e → ν¯τ ) (90)
Thus, in the reactor Kamland region ν¯e ⇄ ν¯µ and ν¯e ⇄ ντ oscillations take
place.
The expressions (84) and (86) were used for analysis of the first Super-
Kamiokande atmospheric data, K2K and MINOS accelerator data and data
of the reactor KamLAND experiment. Now with improved accuracy of the
neutrino oscillation experiments it is more common to perform more compli-
cated three-neutrino analysis of the data.
Probability of the ν¯e → ν¯e transition
From (78) and (79) we can easily obtain exact three-neutrino expressions
for ν¯e → ν¯e survival probabilities for both neutrino mass spectra. We have,
correspondingly,
PNS(ν¯e → ν¯e) = 1− 4 |Ue3|2(1− |Ue3|2) sin2 ∆m
2
AL
4E
−4 |Ue1|2(1− |Ue1|2) sin2 ∆m
2
SL
4E
−8 |Ue3|2|Ue1|2 cos (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (91)
and
P IS(ν¯e → ν¯e) = 1− 4 |Ue3|2(1− |Ue3|2) sin2 ∆m
2
AL
4E
−4 |Ue2|2(1− |Ue2|2) sin2 ∆m
2
SL
4E
−8 |Ue3|2|Ue2|2 cos (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (92)
In the standard parameterization of the PMNS mixing matrix we have
PNS(ν¯e → ν¯e) = 1− sin2 2θ13 sin2 ∆m
2
AL
2E
−(cos2 θ13 sin2 2θ12 + sin2 2θ13 cos4 θ12) sin2 ∆m
2
SL
2E
−2 sin2 2θ13 cos2 θ12 cos (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (93)
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and
P IS(ν¯e → ν¯e) = 1− sin2 2θ13 sin2 ∆m
2
AL
2E
−(cos2 θ13 sin2 2θ12 + sin2 2θ13 sin4 θ12) sin2 ∆m
2
SL
2E
−2 sin2 2θ13 sin2 θ12 cos (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (94)
Probability of the νµ → νe (ν¯µ → ν¯e) transition
From (78) and (79) we obtain the following expressions for
(−)
νµ → (−)νe
vacuum transition probabilities:
PNS(
(−)
νµ → (−)νe) = 4 |Ue3|2|Uµ3|2 sin2∆A
+4 |Ue1|2|Uµ1|2 sin2∆S
−8 Re Ue3U∗µ3U∗e1Uµ1 cos(∆A +∆S) sin∆A sin∆S
∓8 Im Ue3U∗µ3U∗e1Uµ1 sin(∆A +∆S) sin∆A sin∆S. (95)
and
P IS(
(−)
νµ → (−)νe) = 4 |Ue3|2|Uµ3|2 sin2∆A
+4 |Ue2|2|Uµ2|2 sin2∆S
−8 Re Ue3U∗µ3U∗e2Uµ2 cos(∆A +∆S) sin∆A sin∆S
±8 Im Ue3U∗µ3U∗e2Uµ2 sin(∆A +∆S) sin∆A sin∆S. (96)
Using the standard parameterization of the PMNS mixing matrix in the case
of NS we have
PNS(
(−)
νµ → (−)νe) = sin2 2θ13s223 sin2
∆m2AL
4E
+(sin2 2θ12c
2
13c
2
23 + sin
2 2θ13c
4
12s
2
23 +Kc
2
12 cos δ) sin
2 ∆m
2
SL
4E
+(2 sin2 2θ13s
2
23c
2
12 +K cos δ) cos
(∆m2A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
∓K sin δ sin (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (97)
Here
K = sin 2θ12 sin 2θ13 sin 2θ23c13. (98)
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In the case of the inverted neutrino mass spectrum we find the following
expressions for the transition probabilities
P IS(
(−)
νµ → (−)νe) = sin2 2θ13s223 sin2
∆m2AL
4E
+(sin2 2θ12c
2
13c
2
23 + sin
2 2θ13s
4
12s
2
23 −Ks212 cos δ) sin2
∆m2SL
4E
+(2 sin2 2θ13s
2
23s
2
12 −K cos δ) cos
(∆m2A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
∓K sin δ sin (∆m
2
A +∆m
2
S)L
4E
sin
∆m2AL
4E
sin
∆m2SL
4E
. (99)
Formulas (97) and (99) can be used for analysis of the data of the MINOS
and T2K long baseline accelerator experiments in which matter effects can
be neglected.
4 Status of neutrino oscillations
We will briefly discuss here the results that were obtained in recent neutrino
oscillation experiments.
The SNO solar neutrino experiment
The SNO experiment [2] was performed in the Creighton mine ( Sudbury,
Canada, depth 2092 m). Solar neutrino were detected by a large heavy-
water detector (1000 tons of D2O contained in an acrylic vessel of 12 m in
diameter). The detector was equipped with 9456 photo-multipliers to detect
light created by particles which are produced in neutrino interaction.
The high-energy 8B neutrinos were detected in the SNO experiment. An
important feature of the SNO experiment was the observation of solar neu-
trinos via three different processes.
1. The CC process
νe + d→ e− + p + p . (100)
2. The NC process
νx + d→ νx + p+ n (x = e, µ, τ) (101)
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3. Elastic neutrino-electron scattering (ES)
νx + e→ νx + e . (102)
The detection of solar neutrinos through the observation of the NC reaction
(101) allows one to determine the total flux of νe, νµ and ντ on the earth. In
the SNO experiment it was found
ΦNCνe,µ,τ = (5.25± 16(stat)+0.11−0.13(syst)) · 106 cm−2 s−1. (103)
The total flux of all active neutrinos on the earth must be equal to the total
flux of νe emitted by the sun (if there are no transitions of νe into sterile
neutrinos). The flux measured by SNO is in agreement with the total flux of
νe predicted by the Standard Solar Model:
ΦSSMνe = (4.85± 0.58) · 106 cm−2 s−1. (104)
The detection of the solar neutrinos via the reaction (100) allows one to
determine the total flux of νe on the earth. It was found in the SNO experi-
ments that the total flux of νe was about three times smaller than the total
flux of all active neutrinos.
From the ratio of the fluxes of νe and νe, νµ and ντ the νe survival prob-
ability can be determined. It was shown in the SNO experiment that in
the high-energy 8B region the νe survival probability did not depend on the
neutrino energy and was equal to
ΦCCνe
ΦNCνe,µ,τ
= P (νe → νe) = 0.317± 0.016± 0.009. (105)
Thus, it was proved in a direct, model independent way that solar νe on the
way to the earth are transferred into νµ and ντ .
From the three-neutrino analysis of the results of the SNO and other
solar neutrino experiments (Homestake [15], GALLEX-GNO [5], SAGE [6],
BOREXINO [38]) and the reactor KamLAND experiment [3] for the neutrino
oscillation parameters it was found
∆m2S = (7.41
+0.21
−0.19)·10−5 eV2, tan2 θ12 = 0.427+0.033−0.029, sin2 θ13 = (2.5+1.8−1.5)·10−2.
(106)
The KamLAND reactor neutrino experiment
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The KamLAND detector [3] is located in the Kamioka mine (Japan) at a
depth of about 1 km. The neutrino target is a 1 kiloton liquid scintillator
which is contained in a 13 m-diameter transparent nylon balloon suspended in
1800 m3 non-scintillating buffer oil. The balloon and buffer oil are contained
in an 18 m-diameter stainless-steel vessel. On the inner surface of the vessel
1879 photomultipliers are mounted.
In the KamLAND experiment ν¯e from 55 reactors at distances of 175±35
km from the Kamioka mine are detected.
Reactor ν¯e’s are detected in the KamLAND experiment through the ob-
servation of the process
ν¯e + p→ e+ + n. (107)
The signature of the neutrino event is a coincidence between two γ-quanta
produced in the annihilation of a positron (prompt signal) and a ≃ 2.2 MeV
γ-quantum produced by a neutron capture in the process n + p → d + γ
(delayed signal).
The average energy of the reactor antineutrinos is 3.6 MeV. For such ener-
gies, distances of about 100 km are appropriate to study neutrino oscillations
driven by the solar neutrino mass-squared difference ∆m2S.
From March 2002 to May 2007 in the KamLAND experiment 1609 neu-
trino events were observed. The expected number of neutrino events (if there
are no neutrino oscillations) is 2179± 89. Thus, it was proved that ν¯e’s dis-
appeared on the way from the reactors to the detector.
As the ν¯e survival probability depends on the neutrino energy, we must
expect that the detected spectrum of ν¯e is different from the reactor antineu-
trino spectrum. In fact, in the KamLAND experiment a significant distortion
of the initial antineutrino spectrum was observed.
The data of the experiment are well described if we assume that two-
neutrino oscillations take place. For the neutrino oscillation parameters it
was found
∆m212 = (7.66
+0.20
−0.22) · 10−5 eV2, tan2 2θ12 = 0.52 +0.16−0.10. (108)
From the three-neutrino analysis of all solar neutrino data and the data of
the KamLand reactor experiment for the neutrino oscillation parameters the
following values were obtained:
∆mS12 = (7.50
+0.19
−0.20)·10−5 eV2, tan2 θ12 = 0.452+0.035−0.033, sin2 θ13 = 0.020±0.016.
(109)
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Super-Kamiokande atmospheric neutrino experiment
In the Super-Kamiokande atmospheric neutrino experiment[1] the first
model-independent evidence in favor of neutrino oscillations was obtained
(1998). The Super-Kamiokande detector is located in the same Kamioka
mine as the KamLAND detector. It consists of two optically separated water-
Cherenkov cylindrical detectors with a total mass of 50 kilotons of water.
The inner detector with 11146 photomultipliers has a radius of 16.9 m and
a height of 36.2 m. The outer detector is a veto detector. It allows to reject
cosmic ray muons. The fiducial mass of the detector is 22.5 kilotons.
In the Super-Kamiokande experiment atmospheric neutrinos in a wide
range of energies from about 100 MeV to about 10 TeV are detected . Atmo-
spheric νµ (ν¯µ) and νe (ν¯e) are detected through the observation of µ
− (µ+)
and e− (e+) produced in the processes
νµ(ν¯µ) +N → µ−(µ+) +X, νe(ν¯e) +N → e−(e+) +X. (110)
For the study of neutrino oscillations it is important to distinguish electrons
and muons produced in the processes (110). In the Super-Kamiokande exper-
iment leptons are observed through the detection of the Cherenkov radiation.
The shapes of the Cherenkov rings of electrons and muons are completely
different (in the case of electrons the Cherenkov rings exhibit a more dif-
fuse light than in the muon case). The probability of a misidentification of
electrons and muons is below 2%.
A model-independent evidence of neutrino oscillations was obtained by
the Super-Kamiokande Collaboration through the investigation of the zenith-
angle dependence of the electron and muon events. The zenith angle θ is
determined in such a way that neutrinos going vertically downward have
θ = 0 and neutrinos coming vertically upward through the earth have θ = π.
At neutrino energies E & 1 GeV the fluxes of muon and electron neutrinos
are symmetric under the change θ → π − θ. Thus, if there are no neutrino
oscillations in this energy region the numbers of electron and muon events
must satisfy the relation
Nl(cos θ) = Nl(− cos θ) l = e, µ. (111)
In the Super-Kamikande experiment a large distortion of this relation for
high energy muon events was established (a significant deficit of upward-
going muons was observed). The number of electron events satisfies the
relation (111).
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This result can naturally be explained by the disappearance of muon
neutrinos due to neutrino oscillations. The probability for νµ to survive de-
pends on the distance between the neutrino source and the neutrino detector.
Downward going neutrinos (θ ≃ 0) pass a distance of about 20 km. On the
other side upward going neutrinos (θ ≃ π) pass a distance of about 13000
km (earth diameter). The measurement of the dependence of the numbers
of the electron and muon events on the zenith angle θ allows one to span the
whole region of distances from about 20 km to about 13000 km.
From the data of the Super-Kamiokande experiment for high-energy elec-
tron events was found (
U
D
)
e
= 0.961+0.086−0.079 ± 0.016. (112)
For high-energy muon events the value(
U
D
)
µ
= 0.551+0.035−0.033 ± 0.004. (113)
was obtained. Here U is the total number of upward going leptons (−1 <
cos θ < −0.2 ) and D is the total number of downward going leptons (0.2 <
cos θ < 1).
The data of the Super-Kamiokande atmospheric neutrino experiment are
well described if we assume that νµ’s disappear mainly due to νµ ⇄ ντ oscil-
lations. From the three-neutrino analysis of the data for neutrino oscillation
parameters in the case of normal (inverted) neutrino mass spectrum it was
found
1.9 (1.7) · 10−3 eV2 ≤ ∆m2A ≤ 2.6 (2.7) · 10−3 eV2,
0.407 ≤ sin2 θ23 ≤ 0.583, sin2 θ13 < 0.04(0.09). (114)
The result of the Super-Kamiokande atmospheric neutrino experiment was
fully confirmed by
The long-baseline MINOS accelerator neutrino experiments
The first accelerator long-baseline neutrino experiment was K2K [39]. In the
next MINOS experiment [40] muon neutrinos produced at the Fermilab Main
Injector facility are detected. The MINOS data were obtained with neutrinos
with energies in the range 1 ≤ E ≤ 5 GeV.
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There are two identical neutrino detectors in the experiment. The near
detector with a mass of 1 kiloton is at a distance of about 1 km from the
target and about 100 m underground. The far detector with a mass of 5.4
kilotons is in the Sudan mine at a distance of 735 km from the target (about
700 m underground).
Muon neutrinos (antineutrinos) are detected in the experiment via the
observation of the process
νµ(ν¯µ) + Fe→ µ−(µ+) + X (115)
The neutrino energy is given by the sum of the muon energy and the energy
of the hadronic shower.
In the near detector the initial neutrino spectrum is measured. This
measurement allows to predict the expected spectrum of the muon neutrinos
in the far detector in the case if there were no neutrino oscillations. A
strong distortion of the spectrum of νµ(ν¯µ) in the far detector was observed
in MINOS experiment.
From the two-neutrino analysis of the νµ data for the neutrino oscillations
parameters the following values were obtained
∆m2A = (2.32
+0.12
−0.08) · 10−3 eV2, sin2 2θ23 > 0.90. (116)
From three-neutrino analysis of all MINOS data in the case of the normal
spectrum it was found
∆m2A = (2.28−2.46)·10−3 eV2 (68%CL), sin2 θ23 = (0.35−0.65) (90%CL).
(117)
In the case of the inverted spectrum it was obtained
∆m2A = (2.32−2.53)·10−3 eV2 (68%CL), sin2 θ23 = (0.34−0.67) (90%CL).
(118)
Measurements of the angle θ13 in reactor experiments
The value of the mixing angle θ13 is extremely important for the future
of neutrino physics. If this angle is not equal to zero (and relatively large) in
this case it will be possible to observe such a fundamental effect of the three-
neutrino mixing as CP violation in the lepton sector. Another problem, the
solution of which requires nonzero θ13, is the problem of the neutrino mass
spectrum.
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During many years only an upper bound on the parameter sin2 θ13 existed.
This bound was obtained from the analysis of the data of the reactor CHOOZ
experiment [41].
From the data of the CHOOZ experiment the following upper bound
sin2 2 θ13 ≤ 0.16. (119)
was obtained.
The Double Chooz experiment [42] is performed with one antineutrino
detector exposed to two reactors. The Double Chooz collaboration published
first indication in favor of reactor ν¯e’s disappearence. For the ratio of the
observed and predicted ν¯e events the value 0.944± 0.016± 0.040 was found.
From the recent background model independent analysis of the data it was
found sin2 2θ13 = 0.102± 0.028(stat)± 0.033(syst)
In the Daya Bay experiment [43] antineutrinos from six reactors (the
thermal power of each reactor is 2.9 GW) were detected by six identical Gd-
loaded 20 ton liquid scintillator detectors located in two near (flux-weighted
distances 512 m and 561 m) and one far (1579 m) underground halls. Reactor
ν¯e’s are detected via observation of the standard reaction
ν¯e + p→ e+ + n. (120)
During 217 days 41589 (203809 and 92912) antineutrino candidate-events
were observed in the detectors of the far (near) halls . From combined anal-
ysis of ν¯e rates and energy spectra measured in all six detectors it was found
sin2 2θ13 = 0.090
+0.008
−0.009, ∆m
2
ee = (2.59
+0.19
−0.20) · 10−3 eV2, (121)
where the parameter ∆m2ee is determined by the relation
sin2∆ee = cos
2 θ12 sin
2∆13 + sin
2 θ12 sin
2∆23, ∆ik =
∆m2ikL
4E
. (122)
In the reactor RENO experiment [44] ν¯e’s from six reactors with total
thermal power 16.5 GW were detected by near and far detectors (Gd-loaded
16-ton liquid scintillators). The detectors are located at 294 m and 1383 m
from the center of the reactor array. During 222 days in the far and near
detectors 30211 and 279787 candidate-events were observed, respectively. For
the ratio of the observed and predicted antineutrino events in the far detector
it was found the value
R = 0.929± 0.006± 0.007. (123)
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From rate-only analysis of the data it was found
sin2 2θ13 = 0.100± 0.010± 0.015. (124)
Accelerator T2K experiment
The value of the parameter θ13 was measured in the accelerator long baseline
T2K neutrino experiment [45]. In this experiment muon neutrinos produced
at the J-PARC accelerator in Japan are detected at a distance of 295 km
in the water-Cherenkov Super-Kamiokande detector. The T2K experiment
is the first off-axis neutrino experiment: the angle between the direction to
the detector and the flight direction of the parent π+’s is equal to 2◦. This
allows one to obtain a narrow-band neutrino beam with a maximal intensity
at the energy E ≃ 0.6 GeV which corresponds at the distance of L = 295
km to the first oscillation maximum (E0 =
2.54
pi
∆m2AL).
At a distance of about 280 m from the target there are several near detec-
tors which are used for the measurement of the neutrino spectrum and flux
and for the measurement of cross sections of different CC and NC processes.
The initial beam (from decays of pions and kaons) is a beam of νµ’s with
a small (about 0.4 %) admixture of νe’s. The search for electrons in the
Super-Kamiokande detector due to νµ → νe transitions was performed and
28 νe events were observed. The expected background is equal to 4.92 ±
0.55 events. In the case of the three-neutrino mixing νµ → νe transition
probability depends on 6 neutrino oscillation parameters. Assuming that
sin2 θ12 = 0.306, ∆m
2
S = 7.6 ·10−5 eV2, sin2 θ23 = 0.5, ∆m2A = 2.4 ·10−3 eV2,
δ = 0 from the analysis of the T2K data for the normal neutrino mass
spectrum it was found:
sin2 2 θ13 = 0.140
+0.038
−0.032. (125)
For the inverted neutrino mass spectrum it was obtained
sin2 2 θ13 = 0.170
+0.045
−0.037. (126)
Recently T2K Collaboration published their first results on the measure-
ment of the parameters sin2 2 θ23 and ∆m
2
A. From the analysis of the νµ
disappearance data it was found
sin2 θ23 = 0.514
+0.055
−0.056, ∆m
2
A = (2.51± 0.10) · 10−3 eV2, NS (127)
and
sin2 θ23 = 0.511
+0.055
−0.056, ∆m
2
A = (2.48± 0.10) · 10−3 eV2, IS (128)
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5 On the problem of the neutrino masses
It was established by the neutrino oscillation experiments that neutrino
masses are different from zero and flavor neutrino states are mixtures of
states of neutrinos with definite masses. However, the origin of neutrino
masses and neutrino mixing is still an open problem. In this section we will
briefly discuss this problem.
We will start with the following remark. Left-handed and right-handed
quark and charged lepton fields and left-handed neutrino fields νlL (l =
e, µ, τ) are SM fields (left-handed fields are components of SU(2) doublets
and right-handed fields are singlets). What about right-handed neutrino
fields νlR? If νlR are also SM fields (singlets) in this case neutrino masses
(like quark and lepton masses) can be generated by the standard Higgs mech-
anism via Yukawa interaction
LYI = −
√
2
∑
l′l
Ll′LYl′lνlRH˜ + h.c.. (129)
Here
LlL =
(
νlL
lL
)
H =
(
H(+)
H(0)
)
(130)
are the lepton and Higgs doublets, H˜ = iτ2H
∗, Yl′l are dimensionless Yukawa
constants.
After spontaneous breaking of the electroweak symmetry we have
H˜ =
( v+H√
2
0
)
, (131)
where H is the Higgs field. From (129) and (131) we obtain the Dirac mass
term
LD = −
∑
l′,l
ν¯l′LM
D
l′lνlR + h.c.. (132)
Here
MDl′l = v Yl′l, (133)
where v = (
√
2GF )
−1/2 ≃ 246 GeV is the vacuum expectation value of the
Higgs field.
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After the standard diagonalization of the matrix Y ( Y = U y V †, where
U and V are unitary matrices and y is a diagonal matrix) for the Dirac
neutrino masses we have
mi = v yi. (134)
Let us assume the hierarchy of neutrino masses m1 ≪ m2 ≪ m3. In this case
for the largest neutrino mass we have the value m3 ≃
√
∆m2A ≃ 5 · 10−2 eV.
For the corresponding Yukawa coupling we find
y3 ≃ 2 · 10−13. (135)
and y1,2 ≪ y3. The Yukawa couplings of quarks and lepton of the third
generation are in the range (1 − 10−2). Thus, neutrino Yukawa coupling is
eleven (!) or more orders of magnitude smaller that Yukawa couplings of
quarks and the lepton. Such extremely small values of the Yukawa couplings
of neutrinos are commonly considered as a strong argument against SM origin
of the neutrino masses.
Several beyond the SM mechanisms of neutrino mass generation were
proposed. Apparently, the most plausible and the most viable is the seesaw
mechanism[34]. We will consider here the approach which is based on the
effective Lagrangian formalism [46]. Effective Lagrangians describe effects of
a beyond the SM physics in the SM observables. They are invariant under
electroweak SU(2)× U(1) transformations and are nonrenormalizable.
In order to generate neutrino masses we need to build an effective La-
grangian which is quadratic in the lepton fields. The term L¯lLH˜ is SU(2)×
U(1) invariant and has dimension M5/2. We can build the effective La-
grangian in the same way as the Majorana mass term was built. Taking into
account that Lagrangians must have dimension four we have
LeffI = −
1
Λ
∑
l′l
L¯l′LH˜Y¯l′lH˜
TLclL + h.c., (136)
where the parameter Λ has the dimension of mass. It characterizes the scale
at which the lepton number L is violated. We assume that Λ≫ v.5
After spontaneous breaking of the electroweak symmetry from (131) and
(136) we obtain the Majorana mass term (32) in which the matrix MM is
5Let us notice that for the dimensional arguments we used here it was important that
Higgs is not composite particle and exist Higgs field having dimensionM . Recent discovery
of the Higgs boson at CERN [47] confirm this assumption.
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given by the relation
MM =
v2
Λ
Y¯ . (137)
For the neutrino mass we have
mi =
v2
Λ
y¯i. (138)
Thus, if Majorana neutrino masses are generated by a beyond the SM mech-
anism the value of the neutrino mass mi is a product of a ”typical fermion
mass” v y¯i and a suppression factor which is given by the ratio of the elec-
troweak scale v and a scale Λ of a new lepton-number violating physics.
In order to estimate Λ we assume hierarchy of neutrino masses. In this
case m3 ≃ 5 · 10−2 eV. Assuming also that the parameter y¯3 is of the order
of one we find Λ ≃ 1015 GeV. Hence, smallness of the Majorana neutrino
masses could mean that L is violated at a large scale.
Violation of the lepton number can be connected with the existence of
heavy Majorana leptons which interact with the SM particles [48]. Let us
assume that heavy Majorana leptons Ni (i = 1, ...n), singlets of SU(2)×U(1)
group, have the following Yukawa lepton-number violating interaction
LYI = −
√
2
∑
l,i
yliL¯lLH˜NiR + h.c.. (139)
Here Ni = N
c
i is the field of a Majorana lepton with the mass Mi ≫ v and
yli are dimensionless Yukawa coupling constants.
In the second order of the perturbation theory at the electroweak energies
the interaction (139) generates the effective Lagrangian (136) in which the
constant
Y¯l′l
Λ
is given by the relation
Y¯l′l
Λ
=
∑
i
yl′i
1
Mi
yli. (140)
From this relation it follows that the scale of a new lepton-number violating
physics is determined by masses of heavy Majorana leptons.
Summarizing, if neutrino masses are generated by the interaction of the
lepton and Higgs doublets with heavy Majorana leptons in this case
1. Neutrinos with definite masses are Majorana paricles.
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2. Neutrino masses are much smaller then masses of charged leptons and
quarks. They are of the order of ”standard fermion mass” multiplied
by a suppression factor which is given by the ratio of Higgs vacuum
expectation value v and a mass of heavy Majorana lepton.
3. The number of the massive neutrinos is equal to the number of lepton
generations (three)6
From the point of view of the approach, we have considered here, observation
of the neutrinoless double β-decay of some even-even nuclei could mean ex-
istence of heavy Majorana leptons which induce Majorana neutrino masses.
The scale of masses of heavy leptons is determined by the parameter Λ ≃ 1015
GeV. Such heavy particles can not be produced in laboratory. However, as
it is well known (see, for example, [49]) CP-violating decays of such particles
in the early Universe could be the origin of the barion asymmetry of the
Universe.
In conclusion let us notice that the seesaw mechanism based on the inter-
action (139) is called type I seesaw. The effective Lagrangian (136) can also
be generated by the Lagrangian of interaction of lepton and Higgs doublets
with a heavy triplet lepton (type III seesaw) and by the Lagrangian of inter-
action of lepton doublets and Higgs doublets with heavy triplet scalar boson
(type II seesaw).
6 Conclusion
There are two unique properties of neutrinos which determine their impor-
tance and their problems:
1. Neutrinos have only weak interaction.
2. Neutrinos have very small masses.
Since neutrinos have only weak interaction, cross sections of interaction of
neutrinos with nucleons are extremely small. This means that it is necessary
6 In the scheme of neutrino masses and mixing based on the effective Lagrangian
approach there are no sterile neutrinos. As it is well known, at present exist different indi-
cations in favor of the transition of flavor neutrinos into sterile states (see [35]). Numerous
experiments, now at preparation, which aim to check existence of the sterile neutrinos will
confirm or disprove the scenario we have considered here.
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to develop special methods of neutrino detection (large detectors which of-
ten are located in underground laboratories etc). However, when methods
of neutrino detection were developed, neutrinos became a unique instrument
in the study of the sun (solar neutrino experiments allow us to obtain infor-
mation about the central invisible region of the sun in which solar energy is
produced in thermonuclear reactions), in the investigation of a mechanism of
the Supernova explosion7 (99% of the energy produced in a Supernova explo-
sion is emitted in neutrinos), in establishing the quark structure of a nucleon
(through the study of the deep inelastic processes νµ(ν¯µ)+N → µ−(µ++X),
etc.
In the fifties the majority of physicists believed that the neutrino was
a massless particle. This was an important, constructive assumption. The
theory of the two-component neutrino, which was based on this assumption,
inspired the creation of the phenomenological V −A theory and later became
part of the Standard Model of the electroweak interaction.
Neutrino masses are very small and it is very difficult to observe effects of
neutrino masses in the β-decay and in other weak processes. However, small
neutrino masses and, correspondingly, mass-squared differences make possi-
ble the production (and detection) of the coherent flavor neutrino states and
quantum-mechanical periodical transitions between different flavor neutrino
neutrinos (neutrino oscillations). The observation of neutrino oscillations at
large (macroscopic) distances allowed to resolve small neutrino mass-squared
differences.
The discovery of neutrino oscillations signifies a new era in neu-
trino physics, the era of investigation of neutrino properties. From the
analysis of the existing neutrino oscillation data two mass-squared differ-
ences ∆m2A and ∆m
2
S and two mixing parameters sin
2 θ23 and tan
2 θ12 are
determined with accuracies in the range (3-12)%. The results of the mea-
surements of the parameter sin2 2 θ13 was recently announced by the T2K,
Double Chooz, Daya Bay and RENO collaborations.
One of the most urgent problems which will be addressed in the next
neutrino oscillation experiments are
1. CP violation in the lepton sector.
7On February 23, 1987 for the first time antineutrinos from Supernova SN1987A in the
Large Magellanic Cloud were detected by the Kamiokande, IMB and Baksan detectors
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2. The character of the neutrino mass spectrum (normal or in-
verted?).
The ”large” value of the angle θ13 will open the way for the investigation
of these problems in the near future.
One of the most important problems of the physics of massive and mixed
neutrinos is the problem of the nature of neutrinos with definite masses νi.
Are neutrinos with define masses Dirac particles possessing con-
served lepton number or truly neutral Majorana particles?
The answer to this fundamental question can be obtained in experiments
on the search for neutrinoless double β-decay (0νββ-decay) of some even-even
nuclei (see [50])
(A,Z)→ (A,Z + 2) + e− + e−. (141)
This process is allowed only if the total lepton number is violated. If mas-
sive neutrinos are Majorana particles, 0νββ-decay is the second order in the
Fermi constant GF process with the exchange of the virtual neutrinos be-
tween neutron-proton-electron vertices. The matrix element of the process
is proportional to the effective Majorana mass
mββ =
∑
i
U2eimi. (142)
Many experiments on the search for the 0νββ-decay of different nuclei were
performed. No evidence in favor of the process was obtained. Future exper-
iments on the search for the 0νββ-decay will be sensitive to the value
|mββ| ≃ (a few) 10−2 eV
and can probe the Majorana nature of νi in the case of the inverted hierarchy
of the neutrino masses
m3 ≪ m1 < m2. (143)
Another fundamental question of the neutrino physics is
What is the value of the neutrino mass?
From the data of neutrino oscillation experiments only the mass-squared
differences can be determined. The absolute value of the neutrino mass mβ
can be inferred from the investigation of β-spectra. From the data of the
Mainz [51] and Troitsk [52] tritium experiments the following bounds was
obtained, respectively
mβ < 2.3 eV, mβ < 2.05 eV
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where mβ =
√∑
i |Ue1|2m2i is the ”average” neutrino mass. The future
tritium experiment KATRIN [53] will be sensitive to
mβ < 0.2 eV
Precision modern cosmology became an important source of information
about absolute values of neutrino masses. Different cosmological observables
(Large Scale Structure of the Universe, Gravitational Lensing of Galaxies,
Primordial Cosmic Microwave Background, etc.) are sensitive to the sum
of the neutrino masses
∑
imi. From the existing data the following bounds
were obtained [54] ∑
i
mi < (0.2− 1.3) eV. (144)
It is expected that future cosmological observables will be sensitive to the
sum of neutrino masses in the range [55]∑
i
mi ≃ (0.05− 0.6) eV. (145)
These future measurements (143), apparently, will probe the inverted neu-
trino mass hierarchy (
∑
imi ≃ 0.1 eV) and even the normal neutrino mass
hierarchy.
The next question which needs to be answered
How many neutrinos with definite masses exist in nature?
As we have discussed earlier the number of massive light neutrinos can
be more than three. In this case flavor neutrinos could oscillate into sterile
states, which do not have the standard weak interaction.
For many years there existed an indication in favor of more than three
light neutrinos with definite masses obtained in a short-baseline LSND exper-
iment [56]. In this experiment the ν¯µ → ν¯e transition driven by ∆m2 ≃ 1 eV2,
which is much larger than the atmospheric mass-squared difference, was ob-
served. Some indications in favor of more than three massive neutrinos were
also obtained in the MiniBooNE and reactor experiments (see [57]). New
short-baseline accelerator and reactor experiments are urgently needed. Such
experiments are now at preparation. There are other questions connected
with neutrinos which are now being actively discussed in the literature (neu-
trino magnetic moments, nonstandard interaction of neutrinos, etc.).
An explanation of small neutrino masses requires a new, beyond the Stan-
dard Model (Higgs) mechanism of neutrino mass generation. Several mech-
anisms of neutrino mass generation were proposed. Apparently, the most
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viable mechanism is the seesaw mechanism of the neutrino mass generation
[34].
The seesaw mechanism is based on the assumption that the total lepton
number L is violated at a large scale Λ ≃ 1015 GeV. If this mechanism is real-
ized, in this case neutrino masses are given in form of products of electroweak
masses and a very small factor v
Λ
, which is the ratio of the electroweak scale
v ≃ 250 GeV and a new scale Λ which characterizes the violation of L.
In order to reveal the true nature of neutrino masses and mixing many new
investigations must be performed. There are no doubts that new surprises,
discoveries (and, possibly, Nobel Prizes) are ahead.
This work is supported by the Alexander von Humboldt Stiftung, Bonn,
Germany (contract Nr. 3.3-3-RUS/1002388), and by RFBR Grant N 13-02-
01442.
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